We discuss unitarily represented supersymmetric canonical commutation relations which are subsequently used to canonically quantize massive and massless chiral, antichiral and vector fields. The massless fields, especially the vector one, show new facets which do not appear in the non supersymmetric case. Our tool is the supersymmetric Hilbert-Krein structure.
Introduction
Supersymmetric fields are introduced either as multiplets of usual non supersymmetric field components or by path integral methods [1] . The canonical quantization of supersymmetry doesn't seem to have been worked out [2] . We proceed here with the first steps studying supersymmetric commutation relations for supersymmetric creation and annihilation operators and subsequently use them to quantize massive and massless free supersymmetric chiral, antichiral und vector fields. Our supersymmetric commutation relations are unitarily represented in supersymmetric Fock spaces constructed over supersymmetric test functions with vacuum being the supersymmetric function one. The multiplet components are usual (regular) functions of space-time. There is no difference between "bosonic" and "fermionic" components [3, 4] of the supersymmetric test functions. Our tool is the Hilbert-Krein structure introduced in [3, 4] . The Hilbert-Krein structure provides a frame for unitarity of the supersymmetric canonical commutation relations exactly as the L 2 -space provides the frame for unitarity in the case of non supersymmetric quantum field theory. As expected the massless case is more interesting giving rise to some novelties. In the second preparatory section we fix the notations, shortly explain the approach in [3] and provide some further tools. In the third section we give the canonical quantization relations and their invariant Fock space representations. In the fourth section we quantize supersymmetric fields by canonical commutation relations. In section five we pass to the massless case and insist on the massless vector field. Some conclusions are drawn in the last section . The main point of the paper is the study of rigorous unitarily represented supersymmetric canonical commutation relations. They are used to canonically quantize free supersymmetric fields in positive definite Hilbert (Fock) spaces. In principle we obtain equivalence with path integral methods but the massless vector case shows new interesting points. They will appear gradually in the paper and for the convenience of the reader will be summarized at the end of section five.
Supersymmetric positivity
We use the notations in supersymmetry from [1] with only one change: the Pauli matrix σ 0 will be one instead of minus one in [1] . The notations and formulas in non-supersymmetric quantum field theory are entirely borrowed from the treatise [5] . The most general supersymmetric function will be denoted by
where the coefficients are (complex) functions of x of certain regularity. Using the covariant (and invariant) derivatives
we define chiral, antichiral and (real) transversal functions by the conditions
respectively. From now on in this section we restrict to the massive case. Let p 0 = p 2 + m 2 ,p = (p 1 , p 2 , p 3 ) and let [5] 
be the scalar field two point function and
the scalar field commutator. Define
and
where P i , i = c, a, T, +, − are defined in [1] and act here on the first variable. They are
√
For i = c, a, T the operators P i are projections and P c + P a + P T = 1. Define inner products for i = c, a, T, +, − as:
where in (2.15) X is no longer a function but a vector with components P c X, P a X, P T X and K the matrix kernel
We consider also without any further specification the variants of inner products (., .) i , i = c, a, T, +, − and (., .) where the kernels K i , i = c, a, T, +, − have been replaced by K i . It can be shown that all the inner products defined above with the exception of (., .) i , i = +, − are positive definite. Note the minus sign in the definition of the kernel K T in (2.13) and in (2.16). In connection with (2.13) it is responsible for a genuine Krein structure of the space of supersymmetric functions which together with the induced Hilbert space was called in [3] the standard supersymmetric Hilbert-Krein structure. Note that the appealing sesquilinear form
as well as the forms (., .) i , i = c, a, T with kernels K i , i = c, a, T in which ∆ + has been replaced by the Dirac function δ 4 (x) are not positive definite.
Canonical commutation relations
We pass now to the supersymmetric canonical commutation relations which we induce by using the above positive definite scalar products on test function superspace. We start with chiral commutation relations for supersymmetric creation and annihilation operators
where in momentum space
and λ is an auxiliary non-negative constant which at a certain moment will be put to zero or one. For λ = 0, in order to have a name, we call the commutation relations (and the chiral and antichiral field generated by them in the next section) "non-diagonal". In the smeared form the commutation
where (., .) i , i = c, a, +, − are sesquilinear forms introduced above and X, Y test superfunctions. We introduce a third category of commutation relations (used in the vector case to follow)
where P i , i = c, a, T are projection introduced in Section 2 and ξ i , i = T, c, a auxiliary constants. Sound choices will be ξ T = 1, ξ c = ξ a = 0 and ξ T = ξ c = ξ a = 1 in which cases positivity is assured. In the particular case ξ T = −1, ξ c = ξ a = 1 the projections sum up to one but this choice is at odd with positivity as it is clear from the begining. We can write (3.11) in smeared form too using a sesquilinear form induced as in (3.11) by linear combination of the projection operators. For a positive mass the projection operators are well-defined. As in the case of a, b, a * , b * in (3.7)-(3.10) we can define the smeared version of c, c * :
In the smeared form the creation and annihilation operators introduced in this paper are considered as operator valued superdistributions. The commutation relations of the c, c * -operators can be represented in symmetric Fock spaces of supersymmetric functions exactly as this is done for the non-supersymmetric quantum scalar neutral field. The vacuum is the supersymmetric function one. Certainly this vacuum has nothing to do with the Clifford vacuum used in superymmetry to represent the supersymmetric Poincare group [1] . The unitarity of the representation depends on the auxiliary constants ξ. A proper choice is ξ T = ξ c = ξ a = 1 in which case the representation is unitary. The representation of the chiral/antichiral canonical commutation relations (3.1)-(3.4) deserves some comments. For the case λ = 0 their unitary Fock space representation parallels the representation of the canonical commutation relations used to quantize the non supersymmetric complex scalar field. But for λ and m positive the Fock representation is unusual. It has to be done on tensor products of two component supersymmetric vector functions. The vacuum is the vector function with both components equal to one. In fact it resembles very much the Fock space representation of the canonical commutation relations of the Majorana field (remember that we pass from Dirac to Majorana fermions by identifying pairs of creation and annihilation operators and therefore the Majorana Fock space representations get coupled as compared to the Dirac one). Let us summarize the results of this section : we provided supersymmetric canonical commutation relations i.e. commutation relations of a, b, c and their conjugates which can be represented as usual in symmetric Fock spaces whose elements are (symmetric) tensor products of supersymmetric functions. The vacuum is the (supersymmetric) function equal to one. One of the main points of this work is the fact that in the chiral/antichiral case (the case of a, a * , b, b * ) as well as in the properly chosen vector case (for instance the operators c, c * with commutation relation involving ξ T = ξ c = ξ a = 1 or ξ T = 1, ξ c = ξ a = 0) the Fock representations respects positivity i.e. the commutation relations are represented in positive definite Hilbert-Fock spaces (unitary representations). Note further that our representations are supersymmetric invariant because of the invariance of the sesquilinear forms. In the next section we prove that the free supersymmetric quantum fields constructed in a natural way with the help of the supersymmetric creation and annihilation operators are compatible with the standard ones obtained in the supersymmetric literature mainly by path integral methods. In the vector case some particularities appear. But the real interesting aspect, which is not present in the non supersymmetric case, appears in the massless limit especially for the vector field to be studied in Section 5.
Free Field Supersymmetric Canonical Quantization
We introduce by means of the creation and annihilation operators several kinds of supersymmetric free fields (not only the standard ones) which we list below. In the smeared form they are considered as operator valued superdistributions. First we consider fields generated by the a, a * , b, b * -operators with λ = 0 : i) The (non-diagonal) chiral field is defined as
ii) The (non-diagonal) antichiral field is defined as
2)
The quantum fields act in the Fock spaces of the commutation relations of the a, a * and b, b * operators respectively. One can see that the antichiral field is the conjugate of the chiral one ψ = ϕ * . We have introduced the fields above only for pedagogical reasons; they seem not to have (in the present massive case) a physical interpretation. Now consider the case λ positive (for example λ = 1 ). We introduce iii) The chiral/antichiral field given by
where ϕ, ψ =φ = ϕ * are defined by the equations above. It is clear that the chiral and antichiral fields are particular cases of the chiral/antichiral field for λ = 0. Finally define the quantized vector field. iv) The vector field is given by
where c, c * satisfy the canonical commutation relations (3.11). It depends on the constants ξ. Let us fix for the moment ξ T = ξ c = ξ a = 1 or ξ T = 1, ξ c = ξ a = 0. In these cases we know that the Fock space of the commutation relations which is at the same time the Fock space of the vector field is positive definite. Now we come to the point of clarifying two questions: the first question is the search for the expansions of our supersymmetric creation and annihilation operators in powers of the Grassmann variables θ,θ and the second question (certainly related to the first one) is about the relation between our fields introduced above by the method of canonical quantization and those currently used in supersymmetry. The first question is entirely of computational nature and is left to the reader. As coefficients of the Grassmann variables we obtain in principle "multiplets" of creation and annihilation operators of the corresponding (free) quantum fields in the multiplets. They satisfy some commutation relations. These relations are not quite exactly the canonical ones. This is not a shortcoming, it is known in supersymmetry and it is also not the point of the paper. Nevertheless we provide some comments. In order to better understand the matter with a minimum of computational effort we will pass to the second question and disscuss the problem at the level of quantized fields. We give the results of the field quantization for the chiral/antichiral and vector field in the form of their commutators (or two point functions)
computed with the help of the Fock representation of their canonical commutation relations. Here ϕ(z i ) = ϕ i ,φ(z i ) =φ i , i = 1, 2. Leaving out the usual commutator ∆-factor they are for the chiral/antichiral case
Using modified canonical commutation relations for a, a * , b, b * we can arrange to obtain
For the vector case we get (in the case ξ c = ξ a = ξ T = 1) up to the ∆-factor:
The result for the chiral/antichiral field shows that we have obtained, as expected, the result obtained at the level of propagators by path integral methods or by brute force using the propagators of the multiplet components. At the level of field multiplet components some harmless normalization effects appear. The result itself is well-known and not of special interest. The same situation is present in the (massive) vector case. At the same time for the vector field the Majorana fermions must be non-diagonal i. e. the anticommutators of each component with itself vanishes (like in the case of the complex scalar field). To see this explicitly (by methods not relying on path integrals) we must compute explicitly −P T + P c + P a = 1 − 2P T applied to the delta funtion
We prefer not to use the exponential form of P T [1] but use directly explicit formulas for the projector P T applied to the first variables
. We expand first as follows Here we have used the simple identity
Now we apply formula (2.30) from [3] to get
On the other hand we write down the most general vector field as
The coefficients of the Grassmann variables in V (z) are quantum fields. This is the difference between V (z) and the supersymmetric test function X(z).
For a real vector field we must impose the conditions
Performing a standard elementary computation we can determine the com-
] of V (z) using the commutators of the components. By using standard canonical commutation relations for the multiplet components the result is (the usual commutator is abreviated with ∆):
We get consistency with the result (4.10) which in turn, in our setting up, was induced from the canonical commutation relations. But besides normalization factors (some of them depend on the mass in contrast to the chiral/antichiral case) it turns out that the Majorana fermions must be nondiagonal. This seems to be realized anyway in the massles limit because massless Majorana fermions are non-diagonal, but this statement has nothing to say because the massless limit of the supersymmetric vector field cannot be simply obtained by putting m = 0 (it will be studied in the next section). If we would try to use in V (z) usual Majorana fermions for ϕ,φ and λ,λ then in the massive case it would be impossible to assure the expected positivity i.e. the positivity induced by the representations of the supersymmetric canonical commutation relations. Indeed the reader can convince himself that some unwanted contributions will be generated in the commutator
As far as normalizations are concerned, they are harmless because they can be transfered to the corresponding canonical commutation relations for the component fields or absorbed in field redefinitions (without practical gain).
There is still a point to remark: the combination η lm + 1 m 2 ∂ l ∂ m from (4.12) is not quite exactly reproduced in (4.10). This can be easily seen by applying the identity (4.9) above which relates (θ 1 θ 2 )(θ 1θ2 ) to (θ 1 σ lθ 1 )(θ 2σl θ 2 ). The discrepance disappears in the massless limit. Concluding this section we see that there are some particularities around the canonical quantization of the supersymmetric massive vector field (a discrepance in the commutator of the non-supersymmetric vector field, use of non-diagonal Majorana fermions and several mass-dependent normalization factors). The appearence of normalization factors (well known in the chiral/antichiral case, more intricate in the case of the vector field) was reported in the supersymmetric literature (see for example [1] , p.73). They are not of particular interest. But interesting new aspects of the supersymmetric canonical quantization appear in the massless case especially for the vector field to which we turn now.
The massless case
Now we study the canonical commutation relations and the fields generated by them in the massless case. It is well known that the limit of vanishing mass for scalar and Dirac quantum free field in four dimensional space-time is well defined. On the contrary in the vector field case this limit is not well defined. In order to pass to zero mass maintainig positivity, Lorentz invariance (and if one wants) gauge invariance we need some amendments which we can impose at the level of fields (like for instance Gupta-Bleuler, Nielsen-Lautrup or even the Kugo-Ojima procedure over ghosts). An equivalent possibility which is less known uses amendments at the level of the test functions to which the fields are to be applied [6, 7] . We prefer in this paper the second procedure not only for reasons of taste as the reader will have the occasion to find out. Certainly by the main property of distribution theory the two procedures are equivalent (see for instance the short disscussion of the Gupta-Bleuler quantisation in both disguises in [3] ). We give the arguments for the case of the vector field. The chiral/antichiral case is easier and is left to the reader. At the first sight it appears that we are in trouble because the d'Alembertian blows up in the projection denominators. But there is an elegant way out of this dilemma. It is related to a restriction followed by a factorization (and completion) of the general space of test superfunctions. Let us first restrict the space of test function to the linear subset characterized by the relations [3] 
where D(x), Λ(x), Ψ(x), ρ(x), ω(x) are arbitrary functions of some regularity and ∂ l ω l (x) = 0. Because of lack of better terminology we named these functions special supersymmetric. Using results from [3, 4] it is easy to see that the projections P i , i = c, a, T transform the linear space of special supersymmetric functions into itself. Restricting to the special supersymmetric functions we cancel the d'Alembertian in the projection denominators. Now we factorize the sector overlap (chiral, antichiral and transversal) and after completion obtain a space of supersymmetric test functions whith unchanged scalar product which can accomodate the sector projections as bona fide disjoint projection operators (the accent is on disjoint!). They act in the non-trivial space of special supersymmetric function. The massless vector field is defined by its two point function as the massless limit of the two point function of the massive vector field considered on special supersymmetric functions, which in turn was defined via unitarily represented canonical commutation relations.
We come to the end of this section and therefore it is time to ask ourselvs if the situation described regarding the massless vector field is, at least in principle, different or not from the usual case in non-supersymmetric quantum field theory. By a closer look we realize that there is not too much difference. The new point is the restriction (5.1)-(5.4) to the special supersymmetric functions. In particular the restriction to the transversal sector ( ξ c = ξ a = 0) is equivalent to the Lorentz divergence condition which in the usual case eliminates the longitudinal modes of the photon. It can be easily formulated as a "subsidiary" condition at the level of the supersymmetric field. The restriction combined with the choice ξ c = ξ a = ξ T = 1 corresponds to the Stueckelberg quantization in the Feynman gauge. From a technical point of view the canonical quantization of the supersymmetric massless vector field is less trivial (but by no means more complicated) than the well-known Gupta-Bleuler or Stueckelberg procedures.
Comments
We have introduced unitarily represented supersymmetric canonical commutation relations and have recovered by canonical quantization the free supersymmetric massive and massless chiral/antichiral and vector fields. The tool of our approach was the supersymmetric Hilbert-Krein structure [3] . The procedure parallels very closely the usual one in non-supersymmetric quantum field theory. The point of the paper is to prove that canonical quantization of massive and massless free supersymmetric fields by means of unitarily represented supersymmetric canonical commutation relations is possible in a natural way. This includes in the massless case a non-trivial restriction to a subspace of supersymmetric test functions.
